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Abstract. Reward machines (RMs) provide a structured way to specify non-Markovian rewards in reinforce-

ment learning (RL), thereby improving both expressiveness and programmability. Viewed more broadly, they

separate what is known about the environment, captured by the reward mechanism, from what remains un-
known and must be discovered through sampling. This separation supports techniques such as counterfactual

experience generation and reward shaping, which reduce sample complexity and speed up learning.

We introduce physics-informed reward machines (pRMs), a symbolic machine designed to express complex
learning objectives and reward structures for RL agents, thereby enabling more programmable, expressive, and

efficient learning. We present RL algorithms capable of exploiting pRMs via counterfactual experiences and

reward shaping. Our experimental results show that these techniques accelerate reward acquisition during the
training phases of RL. We demonstrate the expressiveness and effectiveness of pRMs through experiments in

both finite and continuous physical environments, illustrating that incorporating pRMs significantly improves

learning efficiency across several control tasks.

1. Introduction

Reinforcement learning (RL) [SB18] is a learning-based optimization approach in which an agent repeatedly
interacts with its environment to converge on optimal strategies, guided by scalar reward signals. A key
appeal of the RL paradigm is that the learning agent does not require a model of the environment—the
transition probabilities and reward mechanism—and instead only needs access to a mechanism that can sample
experiences from the environment. While it is reasonable to assume that transition probabilities are unknown,
there is less justification for concealing the reward mechanism from the agent, especially when it is complex,
structured, or based on logical formalism. It is around this distinction that reward machines (RM) [TIWK+19]
have been proposed to expose the learning objective to the agent in the form of a finite-state transition
mechanism.

The key semantic role of RMs, apart from allowing designers to express non-Markovian learning objectives,
lies in providing the learning agent with a high-fidelity model of some aspects of the environment. From
this perspective, we posit that reward machines provide a convenient interface to reveal other high-fidelity
information about the physical aspects (e.g., differential equations, conservation laws, heat and chemical
reaction laws) of the environment to the agent, thereby improving sampling efficiency and explainability by
influencing strategy representation. We refer to these as physics-informed reward machines (pRMs).

Physics-Informed Neural Networks. Significant improvements in the performance of supervised learning have
been achieved through the incorporation of additional physical information, as demonstrated in Physics-
Informed Neural Networks (PINNs)[CMW+21, CDCG+22, PLK19, KGZ+21, RPK19]. This information,
typically encoded within the loss functions during training, aims to expose well-known aspects of physics to the
network, thereby reducing the strain on the learning model. PINNs have also been gaining traction [CLWK22,
CMM+18, CKL+19, GCD22, JFC22, ML23, RR23] within RL, similarly leveraging physics in the context of
deep RL—appropriately termed physics-informed RL (PIRL) (for a recent survey, see [BNFR23])—to improve
sample complexity, training speed, and explainability.

Key words and phrases. Reinforcement Learning, Reward Machines, Physics-Informed Neural Networks, Stochastic Control.

1

ar
X

iv
:2

50
8.

14
09

3v
1 

 [
cs

.L
G

] 
 1

4 
A

ug
 2

02
5

https://arxiv.org/abs/2508.14093v1


2 DANIEL AJELEYE, ASHUTOSH TRIVEDI, AND MAJID ZAMANI

Figure 1. An Office-World Example.

Our goal differs from the aforementioned literature on PINN and PIRL. While our approach can be combined
with physics-informed training of various neural networks in deep RL, our primary focus is on providing a par-
tial high-fidelity model to the RL agent, with the aim of achieving both speedup and enhanced explainability.
PINNs primarily focus on approximating solutions to physical equations using neural networks, while PIRL
embeds physics directly into the RL process to guide agent learning. In contrast, this work centers on pRMs,
which integrate physical dynamics directly into the reward structure for RL. Unlike PINNs, pRMs do not
model the state evolution of the environment. Instead, they provide a structured and high-fidelity representa-
tion of the reward function. By encoding physics into both the reward structure and logical task specifications,
pRMs enhance task specification and learning efficiency. This added expressiveness enables encoding complex
tasks with logical structures, surpassing the implicit task logic in reward functions or the procedural definitions
typical of PIRL approaches. Our approach bridges formal RL reward structure representations and physical
dynamics, promoting interpretable, sample-efficient, and explainable learning.

Physics-Informed Reward Machines (pRMs). Reward machines (RMs) [IKVM22, TIWK+19] were proposed
to express non-Markovian aspects of rewards in RL. In formal methods and control design communities,
the reward structures are often expressed in formal logic or ω-automata based formalisms [SKC+14, HPS+19,
ABJ+23, CIK+19], which can then be automatically compiled into finite-state RMs [MKBM20]. We adopt the
RM perspective to expose physical modeling to the RL agent, leveraging it to generate additional counterfactual
experiments based on physical dynamics. We introduce a symbolic form of RM that we call physics-informed
reward machines (pRM).

These pRMs offer a structured framework for specifying complex reward functions and control tasks for RL
agents. They support flexible composition of reward specifications, including concatenation, loops, conditional
logic, and enforcement of regular and physically motivated constraints. As the agent interacts with a stochastic
environment, it progresses through the states of the pRM, with transitions triggered by observed events and
constrained by task specifications. At each transition, the pRM supplies the relevant reward function for the
agent to use. This approach integrates known physical structure with real-time task execution, enhancing the
effectiveness of RL in physical domains.
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Example 1.1 (Office World Example). As a motivating example for pRMs, consider the Office World envi-
ronment. The RL agent operates in a grid-based setting, illustrated in Figure 1, where each cell corresponds
to a state. Specific states are labeled x0, c, m, h, and t, denoting the initial state, coffee pickup, mail pickup,
ornament location, and the delivery destination, respectively. These labels represent events triggered when
the agent visits the corresponding states. At each state, the agent can select one of four cardinal-direction
actions. In the h and t states, all actions leave the agent stationary. In all other states, the agent moves in the
chosen direction with probability 1

3 , and in each perpendicular direction with probability 1
3 . If a movement

would take the agent into a wall, it remains in its current state.

Let the yellow and blue regions in the environment represent warm and cold areas, respectively. Suppose the
agent’s task is to collect both the mail and the coffee and deliver them to the office without colliding with any
decorations. Such tasks can be naturally specified using traditional RMs.

However, in this work, we focus on a more nuanced task where the agent has the knowledge about the physical
dynamics affecting the coffee’s temperature—such as heating or cooling behavior determined by the cup’s
material and the region of the environment in which the agent is located. Specifically, the coffee’s temperature
evolves based on whether the agent is in a warm or cold region. In this setting, we aim for the reward
machine to leverage this known physical information—namely, the temperature dynamics of the coffee cup
based on the agent’s location—to guide the agent toward delivering the coffee at a desirable temperature,
despite the underlying environment dynamics being unknown. As illustrated in Figure 1.1, if the agent starts
from position x0, it can successfully deliver the coffee within eight steps at the desired temperature, informed
by its awareness of being in a warm region (as detected by the cup’s sensor). In contrast, starting from point
x1, even a six-step plan may lead to an undesirable delivery due to unaccounted cooling effects.

This example illustrates how temporal and physical constraints can be jointly captured using pRMs for task
specification and reward assignment in unknown environments. Inclusion of physical dynamics introduces
additional complexity and noise into the learning process—scenarios that traditional RMs are not equipped
to handle. While standard RMs enable agents to learn policies that satisfy the logical sequencing of tasks,
pRMs go further by incorporating physical properties, such as whether the coffee remains at an acceptable
temperature upon delivery. The agent’s ability to reason about such physical information not only enhances
sample efficiency but also yields more interpretable and desired behaviors. The development of methods for
effectively exploiting this enhanced expressiveness of pRMs forms the central focus of this work.

Contributions. Our key contributions are as follows.

1. We introduce physics-informed Reward Machines (pRMs) that incorporates known physical dynamics
into the reward structure in RL. We demonstrate how the expressive structure of pRMs enables the
integration of physical laws with real-time dynamics in reinforcement learning tasks, thereby improving
sample efficiency and enhancing the interpretability of learned policies.

2. We extend existing techniques for exploiting traditional reward machines to the pRM setting, including
the use of counterfactual experience generation guided by physical dynamics and the application of
reward shaping to address reward sparsity. We also discuss convergence conditions under which these
methods remain effective.

3. We empirically evaluate the proposed framework across both finite and continuous physical environ-
ments, including the office gridworld, two-tank system, five-room temperature model, and five-road
traffic network. Results show that pRMs significantly improve sample efficiency and contribute to the
interpretability of policies in complex stochastic control tasks.

2. Preliminaries

GivenM vectors vi ∈ Rmi , mi ∈ N, and i ∈ [1;N ], v = [v1; · · · ; vM ] indicates the corresponding column vector
of dimension

∑
imi. For p ≥ 1 and w ∈ S, w≤p represents a sequence of w’s of length at most p, while Sω
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denotes the set of ω-sequences from S. For any vectors a and b in the same vector space and κ ∈ [0, 1], the

notation a
κ← b denotes a← a+ κ · (b− a) (used in Alg. 1 and 2).

A discrete probability distribution over a set S is a function d : S→[0, 1] such that
∑

s∈S d(s) = 1 and supp(d) =
{s ∈ S : d(s) > 0} is at most countable. Let D(S) denote the set of all discrete distributions over S.

Definition 2.1 (Markov decision process). A Markov decision process (MDP) is a tupleM = (X,U, r,P, λ)
where:

• X is an (uncountably infinite) set of states,
• U is an (uncountably infinite) set of actions,
• P : X×U → D(X) is the transition probabilities,
• r : X × U ×X → R is the reward function, and
• λ ∈ (0, 1] is the discount factor.

For (x, u, x′) ∈ X×U×X, we write P[x′|x, u] as a shorthand for P(x, u)(x′). We say that an MDP is finite
if both |X| and |U | are finite. When the transition probability P is not explicitly available and can only be
accessed through sampling, we refer to the MDP as unknown.

Reinforcement Learning (RL).. RL provides a sampling-based approach to optimization where a learning
agent samples the unknown MDP over several episodic interactions to compute policies maximizing discounted
rewards. Formally, a Markov policy ρ := ⟨ρk : X→U⟩k≥0 for an MDPM is defined as a probability distribution
over actions in U given a state x ∈ X. At time step k, the current state of the agent is xk ∈ X. If the agent
selects an action uk ∈ U according to ρk(· | xk) and executes uk, it transitions to a new state xk+1 according to
the transition probability P[· | xk, uk] and receives a reward rk := r(xk, uk, xk+1) from the environment. In a
training episode, this process is repeated starting from xk+1 and continues until certain termination conditions
are satisfied, such as reaching a maximum number of time steps or a sample threshold. From any initial state
x0, the agent aims to learn an optimal policy ρ∗ that maximizes the expected discounted return:

R := Eρ∗

[ ∞∑
i=0

λiri
∣∣x0] .

Although our goal is not to construct (finite) abstractions of MDPs, it is worth noting that infinite MDPs
can be approximated (in a model-free sense) by finite ones, provided that discretization of the state-action
space (X × U) is computationally feasible. Several methods for constructing such abstractions are available
in the literature; see, for instance, [LWL06, LSS+20, ALZ23, AZ24a]. Dealing with a finite MDP is often
valuable because convergent model-free tabular RL algorithms, such as Q-Learning (QL) [WD92, BM00], are
well-suited to finite MDPs.

QL is inapplicable for problems involving infinite MDPs. In such settings, function approximation methods
become essential. A case in point is the Deep Deterministic Policy Gradient (DDPG) algorithm [LHP+15],
which simultaneously learns both the Q-function and the policy.

Reward Machines. Complex learning objectives often cannot be captured using Markovian reward signals as
defined in standard MDPs. A recent approach to address this limitation is the use of finite-state reward
machines (RMs), which provide a structured way to specify non-Markovian rewards [IKVM22].

A reward machine is a tuple R = (∆,Q, ϱ0, ρϱ, ρr), where ∆ is a set of atomic propositions, Q is a finite set
of states, ϱ0∈Q is the initial state, ρϱ : Q×2∆ → Q defines the transition relation, and ρr : Q× 2∆ ×Q → R
is the reward function. Due to their finite-state nature, RMs can be composed with finite MDPs to yield
an equivalent MDP with Markovian rewards. However, this composition need not be performed explicitly;
instead, an RL agent can use the RM as an online monitor to generate non-Markovian rewards. The explicit
structure of RMs also allows for counterfactual queries [IKVM18], improving sample efficiency.

As discussed in the introduction, integrating continuous dynamics into RMs enables the specification of con-
tinuously evolving reward logic. Furthermore, RMs facilitate the transfer of high-level task specifications from
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designers to RL agents. By extending RMs with physical information, this framework can incorporate known
dynamics into the reward specification. In the next section, we introduce physics-informed reward machines
and present RL algorithms designed to leverage the physical structure embedded in them.

3. Physics-Informed Reward Machines

We propose physics-informed reward machines (pRMs), a novel RM framework that enhances expressiveness
by incorporating physical knowledge into the reward structure. This hybrid configuration enables agents to
interact more effectively with their environment, facilitating faster reward acquisition and policy learning.

Let ∆ be a set of atomic propositions. We assume that there are labels of events in 2∆ that are of high-level of
relevance in a region of the environment state set, and the agent can perfectly detect those labels. Therefore,
we introduce a labeling function over the state set X, namely L : X → 2∆. The labeling function is useful for
providing truth assignments to a state successor under an action, and such a transition of the environment
can thereby be input to the pRM in order to reward the agent. Hence, the pRM is defined over the set of
propositions in 2∆. Next we formally define pRMs to handle reward function structures in this work.

Definition 3.1 (Physics-Informed Reward Machines). Given an unknown MDPM, let ∆ and L : X → 2∆

be a set of propositional symbols and a labeling function, respectively. A physics-informed reward machine
(pRM) AR is a tuple (Ω,ΩF ,Ω0, δϱ, δr), where:

• Ω ⊆ {ϱi | i ∈ [0;M ]} × Rℓ is the set of states of the pRM and M, ℓ ∈ N≥1,
• ΩF ⊂ Ω is the set of terminal states,
• Ω0 ⊆ (Ω \ ΩF ) is the set of initial states,
• δr : Ω× 2∆ → R is the pRM state-reward function, and
• δϱ : Ω× 2∆ → Ω is the pRM state-transition function.

Consider an observed experience (xk, uk, xk+1) ∈ X×U ×X of the environmentM at time-step k ∈ N, where
P[xk+1 | xk, uk] > 0. The pRM AR receives a propositional symbol φk = L(xk+1) ∈ 2∆ based on labeling
function L and evolves to state

(3.1) ϱ̃(k + 1) = δϱ(ϱ̃(k), φk),

rewarding the agent according to the function

(3.2) rk = δr(ϱ̃(k), φk).

Let gi : Rℓ → Rℓ, i ∈ [0;M ], be absolutely continuous functions. At time-step k ∈ N, the pRM’s current state
ϱ̃(k) := (ϱi, ψ(k)) ∈ Ω has an hybrid configuration, where ψ(k) ∈ Rℓ, is a solution of the following ordinary
differential equation (ODE):

(3.3) dψ(k) = gi(ψ(k)) dk.

Note that the initial condition of the ODE in 3.3 is determined by the starting value of the variable ψ, and it
reflects the physical state of the system at the starting time and is governed by the particular physical law or
process the ODE is modeling. The evolution of the pRM continues as described until it reaches a state in ΩF .
The terminal states are blocking states where the agent’s path on the pRM can be trapped indefinitely. It
is important to note that by defining set ΩF as empty, the pRM can manage tasks that continue indefinitely
without trapping the agent in any particular state. A pRM can be considered as an MDP with a state set Ω
and an action set 2∆, evolving according to (3.1).

It is important to note that, given a pRM, a practical approach is to discretize its continuous components (i.e.,
Ω) and to uniformly sample experiences generated by the resulting discrete machine—an approach adopted in
this work. While alternative methods may exist for utilizing pRMs without discretization, their investigation
lies beyond the scope of this work and is therefore not pursued here.
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Figure 2. pRM AR2 where ψ = [ψc;ψT ], ℘1 = t ∧ ¬h ∧ (ψT ∈ [Tc, T0]) and ℘2 = ¬t ∧ ¬h ∧
(ψT ∈ [Tc, T0]).

Example 3.2 (Motivating Example). The pRM AR2, shown in Figure 2, specifies a variant of the task
described in Example 1.1. Here, the set of atomic propositions is ∆ = {c,m, h, t}, while the set of states is
Ω = {ϱi | i ∈ [0; 4]} × R2

≥0. The terminal states set ΩF = {(ϱ2, (ψc, ψT )) | ψc ∈ [0, Nc] and ψT < T0} and the

initial state set Ω0 = {(ϱ0, (0, T0))}. The corresponding ODEs according to (3.3) are as follows:

g0(ψ) =
[
1 T0

]⊤
, g2(ψ) =

[
1 0

]⊤
,

gi(ψ(k)) =
[
1 −α(ψT (k)− Te)

]⊤ ∀i ∈ {1, 3, 4},(3.4)

where ψ(k) = [ψc(k);ψT (k)], ψc is the time counter variable for the label c, α is the heat exchange coefficient,
Te is the ambient temperature, T0 is the initial temperature of the coffee, and ψT (k) is the coffee temperature
at time k. The ODE in (3.4) is sampled at time-step intervals τA = 1s. Each edge of the graph in Figure 2
representing AR2 has a pair consisting of the observed proposition from the environment using the labeling
function, and the assigned reward. Therefore, pRM AR2 specifies the following task: deliver coffee and mail
without colliding with flowers, while ensuring that the coffee’s temperature remains above Tc

◦C. Additional
illustrative examples of pRMs are provided in the Appendix.

Problem 3.3 (RL with pRMs). LetM be an unknown MDP, and AR be a physics-informed reward machine.
We are interested in enabling off-the-shelf RL algorithms to compute approximately optimal Markov policy ρ
overM against reward from AR in a sample-efficient manner.

Product Construction. Consider MDP M, pRM AR, and let ∆ be a set of proposition symbols for labeling
regions in X by function L. We define the synchronous productM⊗AR, which is expressed similarly to Defini-
tion 2.1 as the following tuple (X×Ω, U, r′,P′, λ). For any state (xk, ϱ̃k) ∈ X×Ω, action uk ∈ U at time-step k
and observed proposition φk = L(xk+1) ∈ 2∆ fromM, the transition probability P′[(xk+1, ϱ̃k+1) | (xk, ϱ̃k), uk

]
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is as follows:

(3.5)


P[xk+1|xk, uk] if ϱ̃k /∈ ΩF , ϱ̃k+1 = δϱ(ϱ̃k, φk)

P[xk+1|xk, uk] if ϱ̃k ∈ ΩF , ϱ̃k+1 = ϱ̃k

0 otherwise,

and the reward function r′ : (X ×Ω)×U × (X ×Ω)→ R, which is an extension of r over X ×Ω, is defined as

(3.6) r′
(
(xk, ϱ̃k), uk, (xk+1, ϱ̃k+1)

)
= δr(ϱ̃k, φ).

Therefore, it is evident thatM⊗AR is an MDP. Hence, in the case whereM⊗AR is finite, the QL algorithm
is applicable (cf. Alg. 1 without lines 9 to 11). Otherwise, when computational resources are sufficient
and the discretization of the infinite MDP is feasible, one can reduce the problem to a finite case where the
QL algorithm can be applied. However, many real-world problems involve high-dimensional spaces where
discretization is intractable. Moreover, practical control problems frequently require operations in continuous
state spaces with continuous actions to achieve complex tasks specified by infinite pRMs. These scenarios are
beyond the scope of the QL algorithm. To address these challenges, we employ the DDPG algorithm (cf. Alg.
2, excluding lines 11 to 13 in the Appendix), an off-the-shelf RL approach, enabling an RL agent to learn
policies over infinite MDPs and pRMs.

4. Reinforcement Learning with pRMs

Icarte et al. demonstrated how the notion of RM can be exploited through the generation of synthetic
experiences and the use of potential-based reward shaping [NHR99] over RMs to achieve efficient learning.
We extend these ideas in the context of pRMs.

4.1. Counterfactual Experiences. Consider a pRM AR and an actual experience (x, ϱ̃, u, r, x′, ϱ̃′) ∈ X ×
Ω × U × R × X × Ω based on the observation of the environment (x, u, x′) ∈ X × U × X, where the agent
evolves from state (x, ϱ̃) to (x′, ϱ̃′) onM⊗AR, and obtains reward r by taking action u. So, in each training
step, we enable the agent to access some pRM experiences (pRME) generated at each non-terminal state of
AR in Ω \ ΩF , which are gathered in the following set

(4.1)
{(
x, ϱ̃, u, δr(ϱ̃, L(x

′)), x′, δϱ(ϱ̃, L(x
′))

) ∣∣ ∀ϱ̃ ∈ Ω \ ΩF

}
⊆ X×Ω×U×R×X×Ω.

Note that due to the continuous state nature of the pRM, an infinite number of counterfactual experiences
can, in principle, be generated according to (4.1). To make this computationally tractable, a finite subset of
these experiences may be selected using random sampling or prioritized sampling with a weighted scheme. In
this work, we adopt uniform random sampling to extract a finite number of experiences from those generated
in (4.1), and make these available to the learning agent during training. Consequently, the agent can learn
the correct behaviour at each pRM state more rapidly through the reuse of the counterfactual experiences in
(4.1). This mechanism, enables the agent to receive different rewards based on the state of AR at any given
time.

We note that, given an actual experience, the counterfactual experiences generated according to (4.1) not only
subsume those generated for RMs in [IKVM22], which are uniquely and deterministically determined, but also
enhance the set of pRMEs. By incorporating (3.3) into pRMs, the pRMEs are improved both in cardinality and
quality. Specifically, unlike the completely counterfactual experiences in [IKVM22], the physical information
encoded in (4.1) provides meaningful guidance based on the dynamics, ensuring that pRMEs are not entirely
fake experiences but rather incorporate realistic intelligence to facilitate learning. This highlights the crucial
need to exploit pRMEs (e.g., cf. line 9 to 11 of Alg. 1).

Next, we present algorithms for using pRME in both finite and continuous settings using QL and DDPG.
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Algorithm 1 QL on finite MDPs exploiting pRMs

Require: X, U , ∆, L, Ω, ΩF , Ω0, δϱ, δr and λ, ε, κ ∈ (0, 1)
1: Initialize values for q̃(x, ϱ̃, u), ∀(x, ϱ̃, u) ∈ X × Ω× U
2: while the training steps is less than some threshold do
3: Initialize (x, ϱ̃)← (x0, ϱ̃0)
4: while ϱ̃ /∈ ΩF do
5: Select action u ∈ U on (x, ϱ̃) based on policy (e.g., ε-greedy) obtained from q̃
6: Observe the succeeding state x′ on taking action u ∈ U and initialize set of experiences E ← ∅
7: Update pRM next state ϱ̃′ ← δϱ(ϱ̃, L(x

′)) using (3.1) with reward r ← δr(ϱ̃, L(x
′)) using (3.2)

8: Update E ← {(x, ϱ̃, u, r, x′, ϱ̃′)}
9: if pRME is involved then

10: Update E according to (4.1)
11: end if
12: for (x, ϱ̂, u, r̂, x′, ϱ̂′) ∈ E do
13: if ϱ̂′ /∈ ΩF then

14: q̃(x, ϱ̂, u)
κ← r̂ + λmaxu′∈U{q̃(x′, ϱ̂′, u′)}

15: else
16: q(x, ϱ̂, u)

κ← r̂
17: end if
18: end for
19: Update state (x, ϱ̃)← (x′, ϱ̃′)
20: end while
21: end while

QL on finite MDPs and pRMs with pRMEs. We adapt pRME to QL by incorporating the set of experiences
from (4.1) into the actual experiences, creating a pool of experiences. The agent then uses this pool during
each training iteration to update the state-action values function Q. The pseudocode is provided in Alg. 1.
The next result, proved in the Appendix, establishes the convergence of Alg. 1.

Theorem 4.1. Consider an unknown finite MDPM. Let AR be a finite pRM as in Definition 3.1. If every
state-action pair

(
x, ϱ̃, u

)
∈ X × Ω × U is visited infinitely often, then Alg. 1 converges to the optimal policy

asymptotically.

DDPG on infinite MDPs and pRMs with pRMEs. We leverage pRMEs in DDPG by incorporating experiences
in (4.1) into the replay buffer B, from which samples are drawn for learning. The complete procedure is
systematically detailed in Algorithm 2 in the Appendix.

Remark 4.2. Note that complex tasks may require multiple pRMs. Therefore, we can specify T ∈ N≥1 distinct
tasks, each associated with a different pRM ARi

, where i ∈ [1;T ]. At time-step k, the assigned reward for
task i is represented as rik , determined by the reward structure embedded in ARi

, according to Definition 3.1.

Thus, in a training episode, the total reward at time-step k across all T pRMs is given by 1
T

∑T
i=1 rik , which

provides more interpretable results over a discounted reward approach. The average reward method avoids
the issue of sub-optimal steps, which can be disproportionately penalized in reward structure exploitation
schemes like pRME, due to their dependence on the discount factor.

4.2. Reward Shaping. Consider the pRM AR2 in Figure 2, which encodes the task structure for the en-
vironment in the motivating example 1.1. If only ζ1 yields a non-zero reward, the agent is rewarded only
after completing all tasks, resulting in a highly sparse reward structure that makes learning difficult. Intro-
ducing intermediate rewards can mitigate this challenge by guiding the agent through sub-goals. However,
such shaping must preserve the set of optimal policies under the original reward structure. Given a pRM
AR = (Ω,ΩF ,Ω0, δϱ, δr), we can construct an MDP MAR

= (XAR
, UAR

, rAR
,PAR

, λ), where XAR
= Ω,
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(a) (b) (c)

(d) (e) (f)

Figure 3. The plots show the average reward per training step for the RL agent learning
tasks specified by AR2 in (a), AR1 in (b), both pRMs for multi-tasks in (e), and AR3 in (c)
and (d). The plot (f) is for tasks specified by AR2, with the results obtained from Alg. 1
applied to the Office World environment enhanced with PINN. These experiments utilize Alg.
1 and Alg. 2, applied to their respective environments.

UAR
= 2∆, and λ ∈ (0, 1). For any φ ∈ 2∆ and ϱ̃, ϱ̃′ ∈ Ω, the reward function rAR

and transition probability
PAR

are defined as follows:

rAR
(ϱ̃, φ, ϱ̃′) = δr(ϱ̃, φ) if ϱ̃ ∈ Ω \ ΩF else 0, and(4.2)

PAR
[ϱ̃′ | ϱ̃, φ] =


1 if ϱ̃ ∈ ΩF , ϱ̃ = ϱ̃′,

1 if ϱ̃ ∈ Ω \ ΩF , ϱ̃
′ = δϱ(ϱ̃, φ),

0 otherwise.

(4.3)

Thus, we establish the following result, based on [NHR99, Theorem 1], which formally guarantees the preserva-
tion of optimal policies in MDPs with shaped rewards. The proof follows a similar approach as in the original
version.

Theorem 4.3 (Reward Shaping (RS)). Suppose AR = (Ω,ΩF ,Ω0, δϱ, δr) is a pRM as in Definition 3.1. Let
the MDP MAR

= (XAR
, UAR

, rAR
,PAR

, λ) be constructed according to (4.2) and (4.3), with λ ∈ (0, 1). For
any φ ∈ 2∆, ϱ̃, ϱ̃′ ∈ Ω, and a function Φ : XAR

→ R, let

(4.4) r′AR
(ϱ̃, φ, ϱ̃′) = rAR

(ϱ̃, φ, ϱ̃′)− λΦ(ϱ̃′) + Φ(ϱ̃)

be a potential-based reward shaping function. Then the set of optimal policies for MDPM′
AR

= (XAR
, UAR

, r′AR
,PAR

, λ)
coincides with that ofMAR

.

Note that, in (4.4), the potential function takes a negative value to encourage the agent to move toward pRM
states associated with task completion. We derive the potential function by solving the deterministic MDP
AR using value iteration (cf. Appendix). Alternative approaches can be found in [PY15, BYW18].
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Alg. 1
(in seconds) Fig. 3a Fig. 3b

Alg. 2
(in minutes) Fig. 3c Fig. 3d

QL 2.6± 0.1 4.2± 0.7 DDPG 2.2± 0.3 0.3± 0.1
QL+RS 3.8± 0.3 6± 1.5 DDPG+RS 43± 0.7 50.4± 0.1
pRME 14± 3.9 20± 2.1 pRME 53± 0.6 69± 5.5

pRME+RS 26± 1.8 24± 1.9 pRME+RS 123± 1.3 131± 3.3

Table 1. Average runtime per trial for the experimental results shown in Figure 3.

5. Experiments

We experimentally demonstrate the expressiveness of pRMs in both finite and continuous stochastic physical
environments. Using the off-policy RL algorithms in Algorithms 1 and 2, we show that incorporating pRM
reward structures accelerates learning across diverse control tasks. We do not adopt hierarchical RL for RMs,
as it often yields suboptimal policies in the limit [IKVM22].

The environments include an office gridworld, a 2-tank system, a 5-room temperature model, and a 5-road
traffic network, along with PINN-enhanced variants. Full experimental details, including hyperparameters
and implementation specifics, are in the Appendix.

Qualitative Results. Figure 3 illustrates faster reward maximization with both Alg. 1 and Alg. 2, even in
multi-pRM settings, as shown in Figure 3e. This demonstrates quicker policy stabilization, yielding speedy
convergence in pRM-enhanced approaches. The performance is generally improved on combining pRMEs
with reward shaping (RS), yielding results that surpass those achieved using pRMEs alone. Moreover, policy
interpretability is significantly enhanced with pRMs. For instance, in the Office World experiment, the coffee
temperature dynamics in pRM AR2 provide the agent with prior physical knowledge, systematically integrated
into both the task and reward function, making the agent aware of physical constraints and objectives.

Quantitative Results. Figures 3 demonstrate a significant improvement in cumulative rewards per training
step with pRM-enhanced RL. The pRME and pRME+RS approaches outperform QL+PINN in terms of
rewards. However, both PINN and pRM-enhanced methods show notably better results (cf. Figure 3f and
4), suggesting that further exploration of PINN could bolster the pRM approach in RL. Figure 3e shows that
averaging rewards from two pRMs (see Remark 4.2) can dilute task-specific signals—especially when reward
shaping is applied independently—leading to conflicting feedback and suboptimal performance. In contrast,
approaches like QL with tailored rewards or pRME provide more focused guidance. Notably, combining
pRMs ensures the learned policy is, at worst, suboptimal, unlike single-pRM cases where methods that do not
exploit the pRM perform poorly. Additionally, the number of episodes required for convergence is reduced
in the pRM-enhanced methods compared to the baseline approaches, promoting sample efficiency during
learning. Consequently, these baselines exhibit a higher number of violations (e.g., collisions with flowers or
delivering cold coffee in Example 1.1), highlighting unsafe behaviors compared to pRM-guided learning, as
also reflected in the classification in Figure 4. Furthermore, incorporating pRME increases the complexity
of both algorithms, as shown by the runtimes in Table 1. This can be mitigated through parallelization and
deployment on more powerful GPU hardware. Despite this trade-off, pRME proves valuable, as it enables
more efficient sampling and reduces the inherent reward sparsity in pRM through RS, allowing the RL agent
to find policies and maximize rewards more quickly than without pRME and reward shaping.

Ablation Study. Without the pRM physical dynamics, considering Example 1.1, the learned policy lacks the
coffee temperature dynamics, making the agent less task-guided and absent of physical constraints. This
results in a less robust policy compared to those learned with pRM-enhanced methods, as shown in the safe
behavior heatmap in Figure 4. Figure 3f illustrates the superior performance of pRM-enhanced approaches in
the multi-task setting, where we combined tasks from pRMs AR1 and AR2 over Example 1.1 following Remark
4.2.
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Figure 4. The heatmaps show safe (blue) and unsafe (red) states, with intensity correspond-
ing to the maximum Q-values based on the objectives defined by pRM AR2.

Furthermore, the experimental results from [IKVM22] on the Office World example, has its fastest RL method
reaches maximum rewards after approximately 20000 training steps without the physics component in the
pRM, as outlined in (3.3). In contrast, the pRM-enhanced RL scheme attains maximum rewards in under
5000 training steps. This demonstrates that incorporating physics-informed guidance into both the task and
reward structure not only accelerates learning but also promotes safer behavior as evident in Figure 4.

Additionally, Figure 3f highlights the impact of PINNs, which contribute to better reward maximization and
faster convergence when integrated into the pRM-enhanced RL scheme. This underscores the advantages of
fully integrating PINNs with pRMs, as evidenced by the safe behavior shown in Figure 4. However, it is
worth noting that while pRM-explored approaches perform well on their own, using only PINN without the
task-driven physics constraint results in lower reward acquisition, although it still outperforms the baseline
approaches.

6. Conclusion

We introduced pRMs as a symbolic, expressive framework for specifying structured reward functions and
control tasks in RL. pRMs support infinite regular languages and temporally extended behaviors with arbi-
trarily sparse rewards, allowing compact representation of complex task specifications. By leveraging pRM
structure, RL agents achieve improved learning efficiency, reduced sample complexity, and higher reward
performance—especially in settings with limited agent-environment interaction, as demonstrated in our case
studies. Inspired by hybrid automata, pRMs integrate formal task specifications with physical structure to en-
able sample-efficient and explainable learning. They abstract high-level observations into structured rewards,
guiding exploration and policy learning. Unlike standard hybrid automata, which focus on binary satisfaction,
pRMs shape rewards from continuous dynamics, even when the agent remains in the same state—a capability
absent in traditional reward machines. While PINNs ensure that environment observations conform to physical
laws, pRMs use those observations to shape rewards and drive learning. Together, PINNs enhance the physical
fidelity of observations, while the hybrid structure of pRMs increases expressiveness beyond standard RMs.
This work assumes access to a perfect labeling function that maps transitions to pRM events—standard in RM
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literature. Future directions include handling noisy labels, learning pRMs from demonstrations, and general-
izing the dynamics in (3.3) to (stochastic) PDEs [DPZ14], potentially using PINN- or PIRL-based methods.
These extensions could further enable physics-aware, high-level task learning within a unified system.
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Appendix A. Proof of Theorem 4.1

Proof. The proof is established as follows. Suppose that the pRMEs in (4.1) are contained in a set Ê , and
are sampled according to some transition probability distribution P̂. Let PA be the coupling probability
distribution of P̂ and P over the set of experiences E in Algorithm 1. Then by the coupling inequality result in
[DH12], it holds that for any (x̂, ϱ̃, u, r̂, x̂′, ϱ̃′) ∈ Ê and (x, ϱ̃, u, r, x′, ϱ̃′) ∈ E \Ê , such that P̂[x̂′ | x̂, u], P[x′ | x, u]
are valid probabilities, then

(A.1) 2PA
[
(x′, x̂′, ϱ̃) | (x, x̂, ϱ̃), u

]
≥

∣∣P[x′ | x, u]− P̂
[
x̂′ | x̂, u

]∣∣.
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Therefore, we define the probability PA[(x
′, x̂′, ϱ̃) | (x, x̂, ϱ̃), u] over E as follows:

(A.2)


P[(x′, ϱ̃′) | (x, ϱ̃), u] if x = x̂ and x′ = x̂′

1
2

∣∣P[x′ | x, u]− P̂[x̂′ | x̂, u]
∣∣ if x ̸= x̂ and x′ ̸= x̂′

0 otherwise,

where P[(x′, ϱ̃′) | (x, ϱ̃), u] is defined according to (3.5). With the above transformation of the transition
probability distribution for finite MDPM⊗AR, the remainder of the proof follows the same reasoning as the
convergence of ordinary QL outlined in [WD92]. □

Appendix B. DDPG on infinite MDPs and pRMs with pRMEs

Algorithm 2 DDPG on infinite MDPs exploiting pRMs

Require: X, U , ∆, L, Ω, ΩF , ϱ̃0, δϱ, δr and λ, ι ∈ (0, 1)
1: Initialize actor network ρµ(x, ϱ̃) and critic network q̃ϑ(x, ϱ̃, u) parameterized with weights µ and ϑ, respec-

tively, where (x, ϱ̃, u) ∈ X × Ω× U
2: Initialize a replay buffer B ← ∅ and target network parameters as µ′ ← µ and ϑ′ ← ϑ
3: while the training steps is less than some threshold do
4: Initialize a random process R to explore U
5: Observe an initial state (x0, ϱ̃0)
6: for time-step k ∈ [0; number of episode] do
7: Select action uk = ρµ(xk, ϱ̃k) + ςk where ςk ∼ R and initialize set of experiences E ← ∅
8: Observe the next state xk+1 and reward

rk ← δr(ϱ̃k, L(xk+1)) on taking action uk
9: Using (3.1), update ϱ̃k+1 ← δϱ(ϱ̃k, L(xk+1))

10: Update B ← {(xk, ϱ̃k, uk, rk, xk+1, ϱ̃k+1)}
11: if pRME is involved then
12: Update E according to (4.1), and B ← B ∪ E
13: end if
14: Sample a mini-batch of N experiences Ẽ from B
15: for (x, ϱ̂, u, r̂, x′, ϱ̂′) ∈ Ẽ do
16: if ϱ̂′ /∈ ΩF then
17: y(x′)← λq̃ϑ′(x′, ϱ̂′, ρµ(xk+1, ϱ̃k+1))+ r̂
18: else
19: y(x′)← r̂
20: end if
21: end for
22: Minimize 1

N

∑̃
E

(
y(x′)−q̃ϑ(x, ϱ̂, u)

)2
to update q̃ϑ

23: Compute one-step of gradient ascent utilizing 1
N∇µΣẼqϑ(x, ϱ̂, ρµ(x, ϱ̂)) to update the actor ρµ

24: Update ϑ′
ι← ϑ and µ′ ι← µ

25: end for
26: end while

Appendix C. Algorithm for value iteration

The value iteration procedure for determining the potential function Φ in Theorem 4.3 is outlined below:
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Algorithm 3 Value iteration for potential-based RS

Require: Ω, ΩF , ∆, δϱ, δr and λ, tol ∈ (0, 1)
1: for ϱ̃ ∈ Ω do
2: Initialize state potential value Φ(ϱ̃)← 0
3: end for
4: err← tol

5: while err ≥ 1−λ
λ tol do

6: err← 0
7: for ϱ̃ ∈ Ω \ ΩF do
8: Φ′ ← maxφ∈2∆{δr(ϱ̃, φ) + λΦ(δϱ(ϱ̃, φ))}
9: err = max{err, |Φ′ − Φ(ϱ̃)|}

10: Φ(ϱ̃)← Φ′

11: end for
12: end while
Ensure: Φ

Appendix D. Related Work

The formal specification of tasks for learning agents and the use of structured reward systems have gained
increasing attention. In particular, the use of formal languages to define reward structures has seen a no-
table rise. (e.g., [IKVM22] and the references therein). In recent years, researchers have begun developing
data-driven policy synthesis techniques aimed at satisfying temporal properties [BK08]. A substantial body
of literature exists on safe RL (e.g., [GF15, Rec19, EMP20]). In particular, the results in [EMP20] guarantee
minimized violations of certain unknown constraints in MDPs, while the agent maximizes cumulative rewards.
Recent studies have focused on learning policies that maximize the satisfaction probability of temporal prop-
erties using discounted RL [SKC+14, HKA23, BWZP20, BCC+14, FT14, HKA+19, OSU20]. The results in
[LSS+20, LPK+23] focus on transferring the probability of satisfying a finite-horizon property, learned through
RL techniques on a control system’s abstraction, to the original system.

The concept of a reward machine (RM) was first introduced in [IKVM18] as a type of finite-state machine
designed to specify reward structures for RL agents. In addition, there have been several advances in learning
such finite-state machines, particularly when the next state of the RM cannot be determined solely from
an observed transition from the environment (e.g., [TIWK+19, IWK+19, XGA+20, XWO+21, FBLJ+21,
FBLR+20, RR20]). Similarly, efforts have been directed toward leveraging the concept of probabilistic RMs
(e.g., [DTA+22, ASBH22, Mur22, LZ24]) and stochastic RMs (e.g., [CGN22, NJI22]), with reward shaping
[NHR99] applied to RMs [IKVM22, CCSM17, JBW+21].

However, none of the mentioned results integrate physical dynamics into the formulation of reward structures
and tasks for agents within their RM framework. Our work aligns with the increasing adoption of physical
dynamics in the learning process through neural networks, as demonstrated in the concept of PINNs as in
[CMW+21, CDCG+22, RPK17a, RPK17b, PLK19, KGZ+21, RPK19] and the references therein. Here, we
introduce additional information in the form of encoded dynamics related to the control tasks and reward
structures, and propose pRM as symbolic RL rewarding machines, which are aware of those extra physical
information. This enhancement is designed to give the pRM greater expressive power than existing notions of
RMs in the literature, which can be extended over infinite regular languages. This increased expressiveness
can be exploited to facilitate the learning of optimal policies, enabling the agent to maximize rewards more
rapidly.
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Appendix E. Some Notable Remarks

Remark E.1. It should be noted that while the definition of pRMs in Definition 3.1 may appear syntactically
similar to that of RMs in [IKVM22], there are fundamental differences in their operations. Unlike the finite-
state machines described in [IKVM22], pRMs are not necessarily finite-state. Their transitions incorporate
the ODE described in (3.3), which captures task-related physical information—a concept absent in [IKVM22].
Moreover, by definition, pRMs exhibit a hybrid configuration, a characteristic not present in [IKVM22]. This
hybrid structure allows pRMs to model non-Markovian reward structures, temporally extended behaviors, and
time-constrained logics.

Remark E.2. We note that pRMs are inspired by the notion of hybrid automata—a well-established formalism
used to specify logical properties of hybrid dynamical systems, as discussed in works such as [Hen96, LJS+03].
Traditional hybrid automata typically provide qualitative judgments based on discrete transitions, indicating
whether a system satisfies a given specification. However, they often rely on abrupt changes in the environ-
ment’s state to drive these transitions. In contrast, pRMs go beyond such binary evaluations by assigning
reward structures based on both discrete transitions and continuous physical cues derived from past experi-
ences. A key advantage of pRMs is their ability to capture evolving progress signals (via the flow in (3.3))
even when the observable environment state remains unchanged.

Appendix F. Experimental Setups

We first introduce other examples of pRM, which will be used in the upcoming experiments.

Example F.1. Consider the pRM AR1 depicted in Figure 5. The set of atomic propositions ∆ = {a, b},
the set of states Ω = {ϱi | i ∈ [0; 2]} × ([0, Na] × [0, Nb]), where Na, Nb ∈ N≥2. The terminal states set
ΩF = {(ϱ2, (ψa, ψb)) | (ψa, ψb) ∈ [0, Na] × [0, Nb]} and the initial state set Ω0 = {(ϱ0, (0, 0))}. Each edge of
the graph in Figure 5 representing AR1 has a pair of the form (φ, ζ) ∈ 2∆×R. So, φ ∈ 2∆ is the propositional
symbol that AR1 observes from the environment, which it utilizes to make a transition, and ζ ∈ R is the
reward assigned to the agent based on that transition. For any i ∈ [0; 2], the corresponding ODE, according to
(3.3), is specified at each node of the pRM depicted in Figure 5 and we sample the flow at time-step intervals
τA = 1. As a result, one could easily obtain a discretized finite version of pRM AR1. We note that a labeling
function assigns symbols from ∆ to certain regions of the environment state set. Consequently, AR1 specifies
the following tasks: the agent always visits the region labeled b while avoiding a and ensuring that no visit to
b lasts more than Nb time steps i.e., (∆b≤Nb)ω in an infinite word language form.

Example F.2. Consider Figure 6, which depicts a pRMAR3. The set of atomic propositions is ∆ = {a, b, c, d},
and let L be the state labeling function. The set of states Ω = {ϱi | i ∈ [0; 4]}×[0, Na]×[0, Nb]×[0, Nc]×[0, Nd],
where Na, Nb, Nc, Nd ∈ N≥2. The terminal states set is ΩF = {(ϱ2, (ψa, ψb, ψc, ψd))} ⊂ Ω, and the initial
state is ϱ̃0 = (ϱ0, (0, 0, 0, 0)). Each edge in the graph representing AR3 in Figure 6 corresponds to a pair
consisting of the observed proposition from the environment (using the labeling function L) and the assigned
reward. The associated ODEs (3.3), which are sampled at time-step intervals τA = 1 are given as follows:
g1(ψ) = [1 1 1 0]⊤, g2(ψ) = [0 1 1 1]⊤, g3(ψ) = [1 0 1 1]⊤ and g0(ψ) = g4(ψ) = [1 1 0 1]⊤.

Therefore, pRMAR3 specifies that the RL agent must always follow the logical task specification t1∧(t2∨t3∨t4)
where: t1 is ‘do not reach a while aiming b’; t2 is ‘after reaching d, do not visit c for the next 3 time steps’; t3
is ‘visit b within 10 time steps of visiting c’; t4 is ‘within Nb time steps, b must be visited after visiting both
d and c.’

We now consider a finite case involving our motivating example and a 2-tank model with pRMs AR1 and AR2,
respectively. Algorithm 1 is applied with the following hyper-parameters: discount factor λ = 0.9, learning
rate κ = 0.5, and exploration value ε = 0.1. For all (x, ϱ̃, u) ∈ X×Ω×U , the q̃(x, ϱ̃, u)-values are optimistically
initialized to 2. We run 65 independent trials and report the median, along with the 25th and 75th percentile
of the normalized average reward per step.
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Figure 5. pRM AR1.

Furthermore, we examine environments modeled by 5-room temperature control and 5-road network models,
which feature continuous and high-dimensional spaces. The agent tasks in this case is described by pRM
AR3 in Figure 6. We apply Algorithm 2 with the following hyper-parameters: discount factor λ = 0.99 and
a network learning rate ι = 0.0001. The neural network is a feed-forward model with 3 hidden layers, each
containing 1024 ReLU units. The target network is updated every 300 steps, and at each step, the Q-functions
are updated using 128h batched experiences from a replay buffer of size 50000h, where h = |Ω\ΩF | when using
pRMEs, and h = 1 for ordinary DDPG. For each experiment, we conduct 5 independent trials and report the
median, along with the 25th and 75th percentile of the normalized average reward per step. The following
methods are implemented in our experiments for discrete domains: Q-Learning (QL), Q-Learning with reward
shaping (QL+RS), Q-Learning using counterfactual experiences as described in Algorithm 1 (pRME), and
its reward shaping variant (pRME+RS). For continuous domains, the methods include: DDPG, DDPG with
reward shaping (DDPG+RS), the use of pRMEs from Algorithm 2 (pRME), and its reward shaping version
(pRME+RS).

We conducted a PINN-enhanced version of the Grid World environment, as shown in Figure 3f. The PINN
was designed to model the transition probabilities of the discrete system, replacing black-box observation
sampling for the pRM. States and actions were represented using one-hot encoding, and the network archi-
tecture comprised three fully connected layers: two hidden layers with ReLU activations and an output layer
with a softmax activation. This ensured the output represented a valid probability distribution over the next
states. The network took a concatenated vector of the one-hot encoded state and action as input and pre-
dicted the probabilities of transitioning to all possible next states. During training, the PINN minimized the
difference between predicted and ground-truth transition probabilities using the Mean Squared Error (MSE)
loss function. The optimization process employed the Adam optimizer for efficient gradient updates.

All implementations were executed on a 10-core MacBook Pro (3.2 GHz, 64GB RAM) with GPU acceleration
using the MPS framework for Algorithm 2.
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Figure 6. pRM AR3, where ψ = [ψa;ψb;ψc;ψd], and ℘ represents b ∧ (k − ψc ∈ [0, 10]).

Grid world Environment. We conclude the grid world example described in Example 1.1 by applying QL in this
environment with the pRM illustrated in Figure 2. The associated parameters used in (3.4) are Te = 20◦C,
T0 = 98◦C and α = 3.3 × 10−4 per second. The corresponding reward values for pRM AR2 are ζ0 = ζ2 = 0
and ζ1 = 1. Figure 3a shows the performance of the respective rewards structure exploitation schemes in the
pRM.

2-Tank Model. Consider the tank system (F.1) arranged in cascade, which is an adaptation of the tank model
presented in [AZ24b].

x1(k + 1) =
[√

β2 + x1(k) + τu− β
]2

+ 0.01ϖ1(k),

x2(k + 1) =
[√

β2 + x2(k) + τ
√
x1(k + 1)− β

]2
+ 0.01ϖ2(k),(F.1)

where β = 0.5τ and τ = 10s is the sampling time, ϖ1 and ϖ2 are additive Gaussian noise of zero mean
and variance 0.01. The state xi(k) and

√
xi(k) represent the level of fluid and the outflow rate of the i-th

tank, respectively, at time k ∈ N. Here, the agent’s task is specified by pRM AR1 in Figure 5. The rewards
value ζ0 = ζ2 = 0 and ζ1 = 1 with Na = Nb = 10. The set of states X = [0, 100]2 with the inflow rate
u taking values from the set of actions {0, 1.5, 4.5, 7.5, 9}. L : X → {a, b} is a labeling function defined as:
L(x) = b ∀x ∈ [20, 70]2 and L(x) = a ∀x ∈ [0, 0.5]2 ∪ [80, 100]2. Figure 3b shows the performance of reward
structure exploitation schemes in the pRM.
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Room Temperature Model. Here, we consider a cyclic network of 5-room temperature model, where each room
is equipped with a heater. The model is borrowed from [LKSZ20], which shows the temperature evolution for
each room as follows:

xi(k + 1) = θixi(k) + ςThui + ξγi + βTe + 0.01ϖi(k)

i ∈ {1, 3},
xi(k + 1) = ϕixi(k) + ξγi + βTe + 0.01ϖi(k),

i ∈ {2, 4, 5},

(F.2)

where ϖi is some additive noise, θi = (1 − β − 2ξ − ςui), ϕi = (1 − β − 2ξ), and γi = Txi+1
+ Txi−1

such
that Tx1

= Tx6
and Tx5

= Tx0
. The heater and outside temperatures are represented by Th = 50◦C and

Te = −1◦C, respectively. The parameters ς = 0.05, β = 0.022 and ξ = 0.3 are conduction factors between the
i-th room and the heater, the external environment and the (i + 1)-th room, respectively. The set of states
X = [15, 25]5 and control actions u1 and u3 of the first and 3rd room, takes values from set [0, 1].

The agent tasks are specified by AR3 in Figure 6, where Na = Nb = Nc = Nd = 30 and the rewards
ζ0, ζ1 and ζ2 are, respectively, 0, 0 and 1. The labeling function L : [15, 25]5 → {a, b, c, d} is defined as
follows: L(x) = a ∀x ∈ [15, 18.5]5 ∪ [21.5, 25]5, L(x) = b ∀x ∈ [19.5, 20.5]5, L(x) = c ∀x ∈ (18.5, 19.5)5 and
L(x) = d ∀x ∈ (20.5, 21.5)5.

Figure 3c shows the performances of our rewards structure exploitation schemes over the pRM.

Road Traffic Model. Our last experiment is a road traffic network that has 2 entries and exits and is divided
into 5 cells of length L = 0.5km each. The model is borrowed from [LCGG13], and includes some stochasticity
as additive zero mean noise with variance 0.7. The entries are controlled by traffic lights, such that green
light (i.e., u1) allows vehicles to pass with a flow speed v = 100km/hr, while red lights (i.e., u3) halts them.
Within a sampling time τ = 6.48s, we assume that 6 and 8 vehicles, respectively, pass the entries controlled
by u1 and u3, while a quarter of vehicles that exit cells 1 and 3 goes through exit 1 with a ratio denoted by
q. The density xi of the traffic at the i-th cell of the road evolves as follows:

x1(k + 1) = (1− Tv)x1(k) + Tvγ1(k) + 6u1 + 0.7ϖ1(k)

xi(k + 1) = (1− Tv − q)xi(k) + Tvγi(k) + 0.7ϖi(k),

i ∈ {2, 4},
x3(k + 1) = (1− Tv)x3(k) + Tvγ3(k) + 8u3 + 0.7ϖ3(k)

x5(k + 1) = (1− Tv)x5(k) + Tvγ5(k) + 0.7ϖ5(k)

(F.3)

where Tv = τv
L , γi(k) = xi−1(k) such that x0 = x5. The set of states X = [0, 10]5 and control actions

(u1, u3) ∈ [0, 1]2. The agent tasks are specified by AR3 in Figure 6, where Na = Nb = Nc = Nd = 30 and
the rewards ζ0 = ζ1 = 0 and ζ2 = 1. The labeling function L : [0, 10]5 → {a, b, c, d} is defined as follows:
L(x) = a ∀x ∈ (R \X)5, L(x) = b ∀x ∈ [1, 8]5, L(x) = c ∀x ∈ (0, 1)5 and L(x) = d ∀x ∈ (8, 10)5.

Figure 3d shows the performance of our rewards structure exploitation schemes.
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